SOME CHAIN MAPS ON KHOVANOV COMPLEXES AND 
REIDEMEISTER MOVES 



NOBORU ITO 



Abstract. We introduce some chain maps between Khovanov complexes. Each 
of the chain maps commutes with a chain homotopy map and a retraction maps 
which obtain a Reidemeister invariancc of Khovanov homology. 




1. Introduction. 

be a Khovanov complex of a link diagram and C2 

\ 




be its 



7 



subcomplexes. There exist chain homotopy maps hj (J = 1, 1', 2, 3) relating the 
identity maps Cj —> Cj with compositions in opj of an inclusion maps in and a 



retraction pj for Reidemeister moves 1: 






(Section HI Appendix |A"1 iBl). This paper will be show that the natural chain maps 
7Tj: Cj (J = 2, 3) satisfy the relations hj-i o ttj = ttj o hj (Theorem [T]) and 

similar relations for pj (Theorem [2]) • 

In section 1 chain maps ttj are defined. In section 2 relations of hj, pj, and nj 
are given. In section 3 a map 7^ similar to 712 is introduced. In section 4 we obtain 
the proof of the right twisted first Reidemeister invariance of Khovanov homology 
for a general differential. Appendix contains the definitions hj and pj provided by 
[H [2]. All notations in this paper and the definition of the differential 5 s t follows 

m 
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2. The chain map ttj. 



7r 3 : C 3 —> C 2 is defined by 





b 0. 



7r 2 : C 2 — > Ci is defined by 



(2) 





Theorem 1. The chain maps 7r 3 and ir 2 satisfy the following. 

(3) h 2 o 7T 3 = tt 3 o /i 3 , 

(4) /i x O 7T 2 = 7T 2 O /l 2 . 

Proof. 5 S)t o hj = ttj o S s t and /i j_i o %j — 7Tj o hj ( J = 2, 3) are proved by direct 

□ 



computation for every generator of Cj 
/ 



Let C 3 = C 




<8> [xa] + 




and 



p : g 



We define vr 3 : C 3 -> C 2 by (□}. 
Theorem 2. 

(5) 



. Cj is a subcomplex of Cj (J = 2, 3). 



p 2 O 7T 3 = 7T 3 O p 3 . 
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Proof. 5 S)t o tt' 3 = tt' 3 o S s t and p 2 o 7r 3 = 7Tg o p 3 are proved by direct computation for 
every generator of C3. □ 

3. A SIMILAR MAP 7T 2 TO 7T 2 . 

In this section we introduce a map 7r 2 . It is not chain maps, but it has similar 
property hy o 7r 2 = ^2 (Theorem EJ). 
The map fr 2 : C 2 — >• Ci/ is defined by 



(6) 



(7) 



Theorem 3. 




hp O 7T 2 = 7T 2 O h\> 



Proof, hy o 7r 2 = 7r 2 o hy is proved by direct computation for every generator of 
C 2 . □ 

4. Right twisted first Reidemeister invariance for the general 

DIFFERENTIAL S s>t . 

In this section we will show that the right twisted first Reidemeister invariance of 
Khovanov homology because the proof of this case is missing in [2]. 

The right twisted first Reidemeister move is D' = Oy\^) ~ ~^^) — D, we 
consider the composition 

(9) C(D')=C®C COQtr ^C is ™C(D) 

where a is a crossing and C, C contr , pi and the isomorphism are defined in the following 
formulas (TTOlHlTBl). 
First, 



C:=c(fyQ®[x]), 
(10) V 

Ccontr • C 



Second, the retraction p\ : C ^ ^\^) J ~^ C ^P/$\3 ® i x ]j ^ s defined by the 



formulas 



(ii) ® [x] i ► pXB ® M - p '■ p)&5® N . 



P) ® [xa] i-» 0. 



We can verify that 5 Sjt ° pi = pi ° 5 s j- Then pi is a chain map. 
Third, the isomorphism 



(12) c h>$Q ® NJ - c (J ® [*] 

is defined by the formulas 

(13) p^Q <g) [x] i > V) <g> [x]. 

The homotopy connecting in o p 1 to the identity : C ^ ^N^) J — > C ^ /\^) J such 
that S Sj t o hi + h\ o 5 s t = id — inop 1; is defined by the formulas: 

(14) ® [ xa ] ^ /^P) ® M> otherwise 0. 

Remark 1. The explicit formula [Lfy of the homotopy map hi in the case (s = t 
= 0) of the original Khovanov homology is given by Oleg Viro [3j Subsection 5.5]. 

We can verify 8 s j ° hi + hi o 5 s j = id — in op 1 by a direct computation as follows. 
(hi o 5 Stt + 5 Sjt o hi) (^p) ®[x]J= hi (p : p^)® [xa] 

(15) = Vp) ® [x] 



(id-px) ( Xg® [x] 



Similarly, 

(hi o <J 8)f + <y M o hi) (p$<Q ® [x] \ = p : P^)® fx] 



(16) 



(id -Pi) 



(17) (/i! o 5 Sj , + 5 s>t o ^) ( p^Q ® [ x ] 1 = = (id - Pl ) ( <g> [x] 
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Appendix A. Chain homotopy maps. 
The homotopy connecting in o p v to the identity hy ■ C ( I — ► C I a 



such that <S S) t o /i^ + hy o S s t = id — mopy, is defined by the formulas: 



(18) 



V 



>P) C§> [xa] i — > ® [x], otherwise i— >• 0. 



The homotopy connecting in o p 2 to the identity h 2 : C I J — > C | ( 

such that 5 S) t o /i 2 + /i2 o 5 s>t = id — in o p 2 , is defined by the formulas: 



V 



(19) 



p p 

9^ 



® \x\ 



otherwise i— > 0. 



The homotopy connecting inop 3 to the identity, that is, a map hs : C 





such that S s ,t hs + h 3 o 5 S t = id — in o p 3 , is defined by the 





®[x6], (+/K ( /\P ®[x], 

(p P 




otherwise 1— > 



Appendix B. Retractions. 



The retraction p v : C ^ /O J ~> c (^t© ® M ~~ m (P : +)/t© ® [ X ]J is de- 



fined by the formulas 



V 



(21) 



+) <g> [x] i-> p^J) <g> [x] - m(p : +)^3 ® [x], 



V 



x], Vp) <8> [xa] h-> 0. 



The retraction p 2 : C I ^( 
fined by the formulas 



p : o 



C [ PQg ® [xa] + Q ® [a*] 

g :p^ 

p : g^ 



is de- 



PC J) 9 ®[xa]^P({)g (8) [xa] + (- 

g : p 



(22) 



otherwise i— > 0. 



8) [xb], 

(p : g) : (g : p) 
p : g Q g : p <g, [ xo ] + ^) ® 

(g : p) : (p : g) 



The retraction p 3 : C 
\ 





xa + 




p : g 



<8> [xb], 
q : p 




® x 



is defined by the formulas 



/ 



(23) 




P 



<8> xa 




P 



<8> xa 




[xo], 



g : p 



p : g 




[xb] i— > — 



<8> [xa6] 



(p:q):{q: p) 




q : p 
<8> fxal 




[x6] 



r : p 




(q:p):(p: q) 
<8) [xfec], 




otherwise i— > 0. 
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